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Abstract
The multipath effect reduces the accuracy of pseudorange and carrier phase observations and significantly affects the con-
vergence of precise point positioning (PPP) in an urban high-obstruction environment. The multipath hemispherical map 
(MHM) is based on the spatial repeatability of the multipath and is used to mitigate the multipath effect. This method is 
widely used because it is suitable for real-time dynamic and static situations with multipath invariance. Although the MHM 
algorithm is simple and easy to implement, it ignores the spatial distribution of multipath inside the sky grid. It is not suit-
able for use in high-frequency multipath corrections. By fitting the multipath trend inside the sky grid, the MHM based on a 
trend-surface analysis (T-MHM) alleviates the high-frequency and low-frequency multipath simultaneously, improving the 
accuracy of the baseline solution in the differential mode. We mainly demonstrate the application of T-MHM in PPP, analyze 
the unmodeled errors, evaluate the multipath correction effect of T-MHM, discuss the optimal modeling days, and test its 
sensitivity in the scale of the sky grid. Compared to MHM, the experimental results show that using T-MHM in multipath 
correction improves the positioning accuracy in the horizontal and vertical directions by 21.6 and 13.6%, respectively, and 
shortens the convergence time by 24.2 and 7.2%, respectively. The T-MHM method is not sensitive to the grid scale of the 
sky, thus resulting in high efficiency.
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Introduction

The precise point positioning (PPP) technology (Malys and 
Jensen 1990; Zumberge et al. 1997) is an absolute position-
ing method that caters to global and regional services. PPP 
is based on the observations from a single global naviga-
tion satellite system (GNSS) receiver, given external precise 
satellite orbit and clock products, and a set of correction 
documents. Currently, the PPP technology is widely used in 

urban areas (Zimmermann et al. 2017; Gill et al. 2017; Zhao 
et al. 2020). The maximum measurement error in multipath 
interference, which is caused by a high obstruction in such 
areas, can reach 1/2 the ranging code chip for pseudorange 
(150 m for GPS C/A code) and 1/4 wavelength for carrier 
phase (4.76 cm for GPS L1 carrier phase) (Groves and Jiang 
2013). However, it is difficult to parameterize such multipath 
errors because they cannot be eliminated via differential 
techniques, thereby affecting the positioning accuracy and 
convergence time of the PPP.

Multipath mitigation methods can be broadly divided 
into two categories, i.e., hardware improvement and data 
processing. The hardware improvement mainly focuses on 
antenna design and receiver improvement. The existing 
antenna design technologies include patch elements placed 
on choke rings (Dinius 1995) and dual-polarization antennas 
(Groves et al. 2010). There have been several attempts to 
improve the performance of the receiver, including the use 
of concepts such as “narrow correlator” delay-locked loop 
(Dierendonck et al. 1992) and multipath estimating delay-
locked loop (Nee et al. 1994; Nee 1995). However, hardware 
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improvement can only partially eliminate multipath errors, 
and it also increases the hardware cost.

As to data processing implementation, there are two exist-
ing categories of multipath mitigation methods. The first cat-
egory is a data post-processing method that mainly includes 
empirical mode decomposition (Dai et al. 2006), wavelet 
analysis (Zhong et al. 2008; Su et al. 2018), and adaptive 
finite impulse response filtering (Ge et al. 2000). This cat-
egory uses various filtering methods to denoise the observa-
tions, separate the multipath error time series, and then carry 
out post-processing correction using the observation series. 
This method, thus, is not suitable in real-time applications.

The second category is the real-time mitigation method, 
which maximizes the temporal or spatial repeatability of 
multipath for real-time multipath mitigation. The sidereal fil-
tering (Genrich and Bock 1992) is a real-time multipath cor-
rection method that uses GNSS time-domain repeatability in 
a static observation environment (Bock et al. 2000; Zhong 
et al. 2010). If the surrounding observation environment 
remains unchanged for a fixed station, the multipath effect 
is related to the geometric relationship between the satellite 
and the station. Therefore, the multipath values of previous 
orbital cycles can be used to correct the current GNSS obser-
vations. The GPS satellites revisit a static ground station 
with a period approximately equal to a sidereal day of 23 h 
56 min 4 s (86,164 s) (Choi et al. 2004). Researchers have 
implemented various GPS multipath mitigation studies in 
the position- and observation-domains (Ragheb et al. 2007) 
and applied them to the PPP mode. Takasu (2006) used posi-
tion-domain sidereal filtering to correct the multipath error 
of GPS precise point positioning. In addition, Hung and Rau 
(2013) utilized a band-pass filter to improve position-domain 
multipath error correction efficiency. Also, Atkins and Zie-
bart (2016) proposed a sidereal filtering algorithm based on 
observation-domain to alleviate the multipath error in PPP 
applications. Unlike the position-domain, the observation-
domain can take advantage of the fact that the repeat time 
of each GPS satellite is slightly different, which is more 
effective for mitigating the high-frequency multipath error. 
However, the sidereal filtering method requires an accurate 
satellite revisit time, further increasing the calculation cost 
in real-time applications. This method is even more complex 
for GLONASS, Galileo, and BDS multi-system joint posi-
tioning. In addition, sidereal filtering is only applicable in 
the static positioning mode.

Another real-time multipath mitigation approach is to uti-
lize the spatial-domain repeatability of multipath. This one 
includes the multipath spherical harmonic model (Cohen 
and Parkinson 1991), multipath stacking (MPS) (Fuhrmann 
et al. 2015), and the multipath hemispherical map (MHM) 
(Dong et al. 2016a). The multipath effect of stations in 
stable environments is only related to the elevation and 
azimuth angles of the satellite, irrespective of the type of 

satellite. These methods do not require the satellite orbital 
repeat time and are suitable for static and dynamic environ-
ments with stable surrounding environments. The multipath 
spherical harmonic model considered a sky grid resolution 
of 30° × 30° in the multipath mitigation method based on 
the spherical harmonic. The positioning accuracy can be 
increased by reducing the grid size. For example, a resolu-
tion of 1° × 1° is equivalent to realizing a spherical harmonic 
model of 1/360° (13,321 spherical harmonic coefficients); 
however, it requires an extensive calculation and is also chal-
lenging to implement. The MPS and MHM methods divide 
the sky map into 1° × 1° grids according to the equal lattice 
area and equal lattice sizes, respectively, and consider the 
average of the residuals of all satellites in each grid as the 
multipath correction value. It is easier to achieve a resolution 
of 1° × 1° with these methods. Still, the researchers found 
that MHM can effectively alleviate low-frequency mul-
tipath, but its improvement on high-frequency multipath is 
not obvious. This is mainly because the spatial trend of the 
multipath inside the grid is overlooked. To overcome this 
problem, Zheng et al. (2019) divided the grid more finely in 
the low elevation angle region (0–60°) according to the fre-
quency distribution of the multipath and empirically divided 
the MHM into 0.2° × 0.2° × 1°. Thus, this method is only 
limited to specific situations. Wang et al. (2019) introduced 
the trend-surface modeling method (T-MHM) to fit the 
spatial distribution of the multipath within the grid, which 
is more flexible and ideal for real-time applications. The 
experimental results demonstrate that the T-MHM method 
alleviates high- and low-frequency multipath in differential 
modes (Wang et al. 2020).

We demonstrated the feasibility of the T-MHM method 
for PPP. First, the data processing method of PPP and the 
T-MHM model are explained. The experimental environ-
ment and data collection process are given, and the optimal 
modeling days of multipath, residual characteristics before 
and after multipath correction, and different grid sizes are 
discussed. Finally, the conclusions and future work are 
provided.

Methodology

Based on various processing strategies of ionospheric errors, 
the PPP function models are mainly divided into two cat-
egories. They are the ionospheric-free combination model 
and the undifferenced and uncombined model (Zhang et al. 
2013). The ionospheric-free combination model eliminates the 
adverse impact of the first-order ionospheric delay through 
a linear combination of observations of two frequencies. It 
further amplifies the observation noise by a factor of 2 to 3 
and reduces the multipath error (Liu et al. 2017). The undiffer-
enced and uncombined PPP model uses external ionospheric 
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products (GIMs) to eliminate the ionospheric effect. It avoids 
the amplification of observation noise and the unmodeled mul-
tipath error caused by an ionospheric-free combination (Zhou 
2020).

Retrieving multipath from PPP model

The following equations apply GPS undifferenced and 
uncombined dual-frequency pseudorange and carrier phase 
observations:

where indices s, r, and j (j = 1, 2) are the PRN number, 
receiver ID, and observation frequency band number, 
respectively; �s

r
 denotes the geometric distance from the sat-

ellite to the receiver; dtr and dts are the receiver and the satel-
lite clock offsets, respectively; trops

r
 is the tropospheric delay 

of the propagation path; ions
r
 is the first-order term of the 

ionospheric delay of the signal propagation path; ucdr, j and 
ucds

j
 are the uncalibrated pseudorange delays of the receiver 

and satellite, respectively; updr, j and upds
j
 are the uncali-

brated carrier phase delays of the receiver and satellite, 
respectively; �i is the carrier phase wavelength correspond-
ing to frequency j; Ns

r, j
 is the carrier phase ambiguity; c is 

the speed of light; ΔΦGPWU is the ground-based carrier phase 
wind-up; MPs

r, j
 and MLs

r, j
 are pseudorange and carrier phase 

multipath errors, respectively; �s
r, j

 and �s
r, j

 are random noise 
errors corresponding to pseudorange and carrier phase 
observations. The units of all variables except ambiguity are 
meters. Note that when the receiver antenna is rotating, a 
ground-based carrier phase wind-up term emerges in the 
carrier phase observation equation, while there is no ground-
based carrier phase wind-up in pseudorange observation. 
The ΔΦGPWU term is coupled with the receiver clock term 
dtr , so that they can be merged into one “clock” parameter 
dtL

r
 in carrier phase observation. Such a parameterization is 

called the “decoupled clock” model (Collins 2008; Banville 
and Tang 2010; Dong et al. 2016b), which fits both static and 
kinematic positioning.

All datasets were processed with the GAMP (GNSS 
analysis software for multi-constellation and multi-fre-
quency precise positioning) software (Zhou et al. 2018). 
The processing strategies are shown in Table 1. In the table, 
PCO and PCV represent antenna phase center offset and 
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variations, respectively. Precision orbit and clock products 
can be found at http:// ftp. aiub. unibe. ch/ CODE/. The PCO 
and PCV of GPS can be obtained at ftp:// igs. org/ pub/ stati 
on/ gener al/ pcv_ archi ve/.

The receiver positions are estimated as daily solutions 
using the Kalman filter. By substituting these parameters 
into (1) and (2), the unprocessed residuals �s

r, j
 and �s

r, j
 can 

be extracted as follows:

Methodology of T‐MHM

Figure 1 shows the T-MHM flowchart, which mainly com-
prises four steps. First, we calculate the PPP static position-
ing solutions for the four systems (GPS, GLONASS, Gali-
leo, and BDS) of the station every day for a week (7 days). 
The mean value of these solutions is substituted into PPP-
fixed mode to solve the residuals, azimuths, and elevation 
angles. Second, the residuals are divided into a sky grid of 
a specific size based on the azimuth and elevation angles to 
carry out the trend-surface analysis for the residuals inside 
the specific grid. Next, we perform statistical tests on the 
results of the trend-surface analysis. If the model passes 
the statistical test, the trend-surface fitting coefficients are 
stored; otherwise, the mean value of residuals within the 
grid is counted, similar to the MHM. Finally, the correction 
table, i.e., grid position and correction model coefficients, 
is generated. To implement the multipath correction, we 
first query the fitting coefficient of trend-surface from the 
multipath correction table according to the satellite position 
information, calculate the multipath model value from (6), 
(7), (8), and directly remove the multipath model value from 
the original observation values after that.

When T-MHM is used for trend-surface analysis to fit the 
spatial variation of multipath residuals inside the grid, the 
residuals can be expressed as:

where i is the index of the equations inside a particular grid. 
If there exist t  points inside the grid, then i = 1, 2, ... , t ; 
mpi is the observed residual, i.e., � and � in (3), (4); m̂pi is 
the estimate of the multipath value; Yi is the unfitted residual 
within the grid; azi and eli are the azimuth and elevation 
angles of the satellite, respectively.
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ftp://igs.org/pub/station/general/pcv_archive/
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The T-MHM uses polynomial function to fit equations, 
and the commonly used trend-surface fitting equations are 
given as:

Equations (6), (7), (8) represent a linear, quadratic, and 
cubic trend-surface fitting, respectively. c0 − c9 are the fit-
ted trend-surface coefficients. The fitting coefficient of the 
trend surface can be obtained by least square.

To avoid overfitting and underfitting, it is necessary to 
carry out a goodness of fit and significance test on the fitting 
coefficient. The corresponding equations are given in Fig. 1. 
Equations (9)–(14) are regression sum of squares, the total 
sum of squares, ratio, residual square sum, F-test, and suc-
cessive significance test. mp is the mean of the residuals; z is 
the total number of observed residuals within the grid; p and 
q are the degrees of freedom of trend-surface order K and 
K + 1, respectively; F obeys the F-distribution with degree 
of freedom (p − 1, z − p) ; FK→K+1 obeys the F-distribution 
with degree of freedom (q − p, z − q).
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Data description

We placed the Trimble BD982 GNSS receiver on the plat-
form on the fourth floor of the information building of East 
China Normal University. We collected data for days of the 
year (DOY) 272–279 in 2019 for eight consecutive days. 
The data sampling rate was 1 Hz, and the satellite elevation 
angle cutoff was 10°. In Fig. 2, the red circle indicates the 
position of the receiver, and the buildings in the southeast 
of the receiver are blocked.

The multipath sky map in Fig. 3 indicates that the mul-
tipath error of the experimental environment is the strongest 
for azimuth angles between 40 and 60° and between 230 and 
320°. As shown in Fig. 2, most of the multipath error is due 
to the reflection of the southeast wall. The probability densi-
ties of pseudorange and carrier phase residuals in Fig. 3 are 
similar to the normal distribution. The pseudorange residuals 
are basically distributed between − 2 and 2 m, and nearly 
95% of them are between − 1 and 1 m. The carrier phase 
residuals are distributed between − 0.025 and 0.025 m, and 
most values are between − 0.01 and 0.01 m. To minimize the 
impact of pseudorange multipath on PPP initial solutions, 
we corrected the pseudorange and carrier phase multipath 
simultaneously.

Results and discussion

Three indicators are adopted to evaluate the correction effect 
of the multipath model:

Table 1  Data processing strategies

Satellite system GPS: L1/L2, P1/P2
Filtering estimation Kalman filter
Sampling rate 1 Hz
Elevation cutoff 10

o

Error model Satellite orbit CODE precise orbit (15-min interval)
Satellite clock CODE precise clock (5-s interval)
Tropospheric delay Zenith wet delay: estimation of random walk process. Process noise:10−8 m2∕s (Li and 

Zhang 2014)
Ionospheric delay Parameter process estimation of random walk. Process noise:0.0016 m

2∕s (Geng and 
Bock 2016)

Stochastic model Satellite elevation angle weighting
Antenna phase center The PCO and PCV of GPS use the data provided by igs14.atx
Space-based carrier phase wind-

up (Wu et al. 1993)
External model correction (Kouba 2015)

Tidal load Solid tide, polar tide, and ocean tide corrected using IERS convention 2010
Relativity effects, Earth rotation External model correction (Kouba 2015)

Unknown parameters Receiver position Estimated as constants for daily solution
Receiver clock offset Estimated as white noise
Ambiguity Estimated as constant for each arc: float value
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Positioning accuracy is measured by the root-mean square 
error (RMSE) of the positioning errors in East, North, and 
Vertical directions.
Convergence time refers to the epoch, after which the 
positioning error remains below 0.1 m for 5 min.
Correction rate of positioning accuracy, convergence 
time, and residual are calculated using the formula 
(

1 − r2∕r1
)

× 100% , where r1 and r2 are the corre-
sponding statistical results of positioning accuracy, con-
vergence time, and residual before and after multipath 
correction, respectively.

Optimal modeling days of T‑MHM

We extracted pseudorange and carrier phase residuals from 
undifferenced and uncombined PPP solutions for DOY 
272–278 and constructed MHM and T-MHM models with a 
spatial resolution of 1◦ × 1◦ . Figure 4 shows the positioning 
error of the corresponding model for the first 5000 epochs. 
The results of both models are significantly improved 
compared to the uncorrected case. The T-MHM solutions 
approach the convergence line, i.e., the black dotted line, 
earlier than MHM. The statistics in Table 2 indicate that the 
horizontal and vertical accuracies of T-MHM are 21.6 and 
13.6% higher than those of MHM.

Figure  5 delineates the multipath model correction 
value sequences of satellite PRN 02 from both methods. 
The right panels are a magnification of epochs 1–5000 and 
30,000–40,000. The general trend of these two curves is 
identical, but the T-MHM model contains more information 
than MHM. The multipath curve from MHM is similar to 
that of rectangular waves and lacks high-frequency infor-
mation. Meanwhile, the T-MHM model can eliminate both 
high- and low-frequency multipaths because the spatial dis-
tribution of multipath in each sky grid is described in detail.

Figure 6 shows the correction rates according to the 
RMSE in Table 2. It is seen that the correction rates of both 
methods are relatively stable when modeling with 4–7 days 
observation data. The advantage of using multi-day data 
for modeling is that it can increase the sample size and 
smoothen some unmodeled errors. The smoothing effect is 
more significant in the T-MHM than MHM because it gener-
ates a more detailed multipath model.

Figure 7 shows the histogram of the convergence time 
for the uncorrected and the two modeling methods over 
the 7-day modeling span. Due to the correlation between 
ionospheric delay, phase ambiguity, and multipath, the 

Fig. 1  T-MHM construction flowchart. If T-MHM fails the statisti-
cal tests, then it is the same as MHM. The model flow of T-MHM 
includes MHM. The latter is marked in red

Fig. 2  Environment of experiment. Bottom left is azimuth informa-
tion
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undifferenced and uncombined PPP requires more time to 
separate the multipath and the other two parameters than that 
required for the combined PPP, thus increasing the conver-
gence time of PPP solution (Pan et al. 2019). It can be seen 
from the figure that the convergence speed increases after the 
correction of multipath, particularly for the T-MHM method. 
Compared to MHM, the horizontal and vertical convergence 
time for T-MHM is reduced by 24.2 and 7.2%, respectively.

We also calculate the standard deviation (STD) of the 
positioning errors from the two methods, based on the 
modeling for DOY 275–278, i.e., days 4–7. Figure 8 shows 
the STD values of East, North, and Vertical for T-MHM as 
0.0243, 0.0492, and 0.0546 m, respectively. From the above 
results, it can be inferred that the T-MHM model can cor-
rect the multipath accurately by using data observed for four 
days, and the PPP positioning accuracy can reach the cen-
timeters under a severe obstruction environment.

Residual analysis

We build the MHM and T-MHM models based on the 
data for four days before DOY 277–279, correct them, 
and extract the pseudorange and carrier phase residual 
sequences of satellite PRN 02 before and after multipath 
correction. Figure 9 shows that the pseudorange and car-
rier phase residual sequences shifted by adding constants 
of 2 and 0.02 m, respectively. The figure shows that the 
DOY 277–279 residual sequence of PPP solution has 
a strong spatiotemporal correlation. The uncorrected 

residual sequence shows the effect of high- and low-fre-
quency variation superposition. Although the MHM elim-
inates the periodic fluctuations in the residual sequence, 
some high-frequency errors persist. The T-MHM shows 
the ability to weaken the high-frequency multipath, mak-
ing the residual sequence smoother, as shown in the high-
lighted parts with dark boxes. Table 3 shows the STD 
values of the above residual sequences and the correction 
rate of residual after multipath mitigation. The average 
residual correction rate of T-MHM is close to 50.6%, 
which is 14% higher than that of MHM. Compared to the 
pseudorange residual correction rate, the carrier phase 
residual correction rate is increased by 5.5% on average.

We analyze the spectrum of unmodeled errors before 
and after multipath correction. Figure 10 shows the power 
spectral density of the carrier phase residuals in Fig. 9. It 
can be found that the correction effect of T-MHM is better 
than that of MHM in both high- and low-frequency bands. 
In the high-frequency band 8 × 10−2 ≤ f ≤ 5 × 100 , 
the correction in T-MHM is about 3–5 dB less than that in 
MHM. After applying the T-MHM correction, the power 
spectral density smoothens. In this case, we can assume that 
the main unmodeled error in the residual sequence is the 
observation noise.

In addition, based on the time-domain Allan variance 
theory (IEEE 2008a, b), we analyze the unmodeled error 
characteristics before and after multipath correction. There 
are two types of Allan variance grouping: overlapping and 
non-overlapping. In this study, overlapping is used as an 

Fig. 3  Multipath sky map and 
histogram of residuals. Top and 
bottom panels describe pseudor-
ange observations and carrier 
phase observations, respectively
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analysis tool because it has better stability and better estima-
tion accuracy than the non-overlapping type (Zhang et al. 
2015).

The average value of overlapping grouping is:

The mathematical form of overlapping Allan variance is 
defined as follows (Riley 2008)

The Allan deviation is:

where yi is the data set; the symbol N denotes the sample 
length and �0 is the sampling period divided into h groups; 
each group contains e sample points. The correlation time 
of each group is � = e�0.

There are four typical stochastic processes in GNSS appli-
cations: white noise (WN), random walk noise, first-order 
Gaussian Markov noise (GM), and flicker noise. According 
to the typical Allan deviation diagrams of different noise 
types given by IEEE (2008a, b), it can be determined that 
they have the characteristics of − 1∕2 , + 1∕2 , ± 1∕2 , and 0 
slopes, respectively. The details are listed in Table 4. First, 
we need to calculate the variance of the residual sequence 
according to (16). Then, we calculate the slope of correlation 
time by the log–log transformation. Finally, according to the 
curve slope of Allan deviation in Table 4, we can judge the 
corresponding residual category.

Figure 11 displays the Allan deviation curve of PRN 02 
between epochs 6500 and 10,000. The noise intensity of 
WN can be determined by �(1) . The first-order GM noise 
parameter can be obtained from the Allan curve at the high-
est point of intersection with the slope of ± 1∕2 , where the 
x and y axes represent cluster time and Allan deviation, 
respectively. The correlation time and noise intensity are 
calculated by substituting them into Table 4. It is observed 
that WN and first-order GM are included in the unmodeled 
errors of pseudorange and carrier phase simultaneously.

In Fig. 11, the first-order GM plays a major role before 
multipath correction. According to the analysis of Li et al. 
(2018), the first-order GM plays an important role in the 

(15)

Yi(�)�=e�0 =
1

e

i+e−1
∑

x=i

yi 1 ≤ i ≤ N − 2e + 1

(16)�2(�) =
1

2(N − 2e + 1)

N−2e+1
∑

h=1

[Yh+e(�) − Yh(�)]
2

(17)�(�) =
√

�2(�)

Fig. 4  Positioning errors in East, North, and Vertical for eight strate-
gies with MHM (top) and T-MHM (bottom). The uncorrected results 
of DOY 279 are labeled “Uncorrected”. Based on the number of days 
of data collection to build the multipath models, i.e., from days 1 to 
7, the corrected results of DOY 279 are identified by D1–D7, respec-
tively

Table 2  RMSE (m) of MHM 
and T-MHM in East, North, and 
Vertical directions

Uncorrected D1 D2 D3 D4 D5 D6 D7

East MHM 0.0682 0.0347 0.0343 0.0362 0.0308 0.0316 0.0311 0.0284
T-MHM 0.0682 0.0331 0.0312 0.0299 0.0283 0.0296 0.0272 0.0280

North MHM 0.1093 0.0547 0.0483 0.0596 0.0629 0.0583 0.0606 0.0562
T-MHM 0.1093 0.0617 0.0496 0.0504 0.0394 0.0406 0.0445 0.0483

Vertical MHM 0.1545 0.1056 0.1017 0.0859 0.0835 0.0766 0.0819 0.0841
T-MHM 0.1545 0.0846 0.0887 0.0899 0.0707 0.0728 0.0679 0.0713
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case of strong multipath, while the WN mainly arises from 
the receiver. After the T-MHM corrects the multipath, the 
noise intensity of the first-order GM is reduced to a certain 
extent, but the WN is not improved. Especially in the top 
panels, the Allan curve of the pseudorange is close to that 
of WN sequence after T-MHM correction, and the curves 
for the three days are similar.

Different grid sizes

Considering the optimal modeling days 4–7, we use the 
DOY 275–278 model to build T-MHM and MHM models 
with nine different grid sizes and then utilize these models 
to correct DOY 279. To evaluate the impact of different grid 

sizes modeling on the positioning performance, we select 
the positioning errors sequences of DOY 279 for epochs 
1–2000 before PPP convergence, as shown in Fig. 12. In the 
top panel, the positioning error of PPP solution increases 
significantly in three directions when the grid size of MHM 
increases from 1 × 1 to 2 × 2. As the grid size increases, 
the positioning error of MHM before convergence changes 
greatly, and the stability of the sequence decreases. On the 
contrary, in the bottom panel, the dispersion of T-MHM 
positioning error in three directions does not show such a 
significant change seen for MHM. To quantitatively evaluate 
the positioning results of MHM and T-MHM for different 
grid sizes, we calculate the positioning accuracy and con-
vergence time of PPP.

For positioning accuracy, the corresponding RMSE 
results are calculated. We compare the RMSE results of 
MHM and T-MHM in the East, North, and Vertical direc-
tions in Fig. 13. The positioning accuracy of MHM worsens 
more seriously relative to T-MHM with increasing grid size. 
The RMSE of T-MHM is relatively flat in the East and North 
directions. The RMSE of the T-MHM with a grid size of 
1 × 1 is equivalent to that of MHM grid size divided into 
9 × 9 in these two directions. In the vertical direction, the 
RMSE tends to increase linearly, and the results of RMSE 
with T-MHM grid size divided into 9 × 9 and those of the 
MHM with grid size 2 × 2 are similar.

We also investigate the convergence time of MHM and 
T-MHM for the nine different grid sizes. The statistics of the 
three directions are illustrated in Fig. 14. It can be seen that 
the convergence time of T-MHM tends to be more stable as 
the grid size increases. The convergence time of T-MHM 
is about 3–5 times shorter than that of MHM. Especially 
in the vertical direction, the maximum increase of T-MHM 
is about 90% (from 88.6 to 9.2 min) for the same grid size. 

Fig. 5  Model correction values of satellite PRN 02 from T-MHM and 
MHM in DOY 279. The values for T-MHM and MHM are shifted by 
0.03 and 0.07 m, respectively

Fig. 6  RMSE correction rate (%) of seven strategies in East, North, 
and Vertical directions. The x-axis identifies the number of days used 
for the modeling

Fig. 7  Convergence time for PPP solutions with uncorrected mul-
tipath (N) and modeled multipath with MHM (top) and T-MHM (bot-
tom). The x-axis labels 1–7 indicate the number of days used for the 
multipath modeling
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Therefore, the T-MHM has high robustness to the sky grid 
size division, which can appropriately increase the sky grid 
size and improve operation efficiency.

Conclusions and remarks

The multipath, which is considered the main unmodeled 
error source, limits the GPS high-precision positioning at 
centimeter level or better in a complex urban environment. 
Previous studies had indicated that the multipath mitiga-
tion method based on spatial repeatability could effectively 
correct the multipath error. The T-MHM trend-surface 
analysis method can fit the spatial distribution of multipath 
inside the grid and effectively alleviate the high-frequency 
multipath error, which a normal MHM could not correct. 
At present, the T-MHM method has proven ideal only for 
the differential mode (Wang et al. 2019, 2020). We dem-
onstrated the applications of T-MHM in PPP mode and 
analyzed its performance. The conclusions are as follows:

Based on our experiments, the optimal observation span 
for the T-MHM modeling is 4–7 days. Compared to the 
original MHM model, the T-MHM can significantly 
improve the positioning accuracy and convergence time. 
The positioning accuracy in the horizontal and vertical 
directions can be improved by 21.6 and 13.6%, and the 
convergence time can be shortened by 24.2 and 7.2%, 
respectively.

Fig. 8  STD (m) of positioning 
errors in East, North, and Verti-
cal directions using modeling 
from days 4–7 (DOY 275–278)

Fig. 9  PRN 02 pseudorange (top) and carrier phase (bottom) residu-
als for epochs 6500–10,000 (DOY 277279) for the multipath uncor-
rected case and the model correction cases MHM and T-MHM

Table 3  STD (m) of each residual sequence in Fig. 9

Pseudorange Carrier phase

DOY 277 Uncor-
rected

0.4117 Correction 
rate

0.0050 Correction 
rate

MHM 0.2610 36.6%↑ 0.0030 40.0%↑
T-MHM 0.2172 47.3%↑ 0.0024 52.0%↑

DOY 278 Uncor-
rected

0.4127 Correction 
rate

0.0057 Correction 
rate

MHM 0.2656 35.6%↑ 0.0034 40.4%↑
T-MHM 0.2099 49.1%↑ 0.0024 57.9%↑

DOY 279 Uncor-
rected

0.4086 Correction 
rate

0.0051 Correction 
rate

MHM 0.2770 32.2%↑ 0.0033 35.3%↑
T-MHM 0.2269 44.5%↑ 0.0024 53.0%↑
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We extracted 3 days of residuals from the optimal mod-
eling results. The power spectral density analysis shows 
that T-MHM can effectively correct the high- and low-
frequency multipath, and the corrected residual sequence 
is close to WN. In time-domain Allan variance analysis, 
the noise combination can be determined as WN and 

GW, while the T-MHM can significantly reduce the noise 
intensity of the GM and ensure that the frequency of the 
residual sequence is stable.
We discuss the impact of MHM and T-MHM modeling 
on the correction results under different grid sizes. The 
T-MHM yields higher positioning accuracy and a more 

Fig. 10  Power spectral density 
of carrier phase residual 
sequence of Fig. 9

Table 4  Features of Allan deviation plots for typical noise terms (Niu et al. 2014)

Noise type Curve slope Characterization parameters Detailed notes

White noise (WN) − 1∕2 Q = �(1) Q—the WN noise intensity
T
max

—the GM cluster time, �
GM

—the G
Allan deviation, Q

c
—the GM noise intensity

Random walk noise + 1∕2 –
Gaussian Markov noise (GM) ± 1∕2

T
c
=

T
max

1.89
, Qc

=
2�2

GM

T
c

Flicker noise 0 –

Fig. 11  Allan deviation plots for 
PRN 02 pseudorange (top) and 
carrier phases (bottom) between 
epochs 6500 and 10,000 as a 
function of cluster time. The 
purple and green marks indicate 
the positions of WN and GM 
parameters, respectively
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stable convergence time than MHM, with increasing grid 
size. Therefore, T-MHM has high robustness for solving 
PPP, because one can efficiently increase the grid size of 
T-MHM and promote computational efficiency.

The excellent performance of T-MHM in PPP mode is 
achieved due to the following reasons:

In a high obstruction urban environment, the multipath 
interference and NLOS error coexist, and they are gener-
ated through different mechanisms. The mean value of the 
residuals inside the grid is used in the ordinary multipath 
hemispherical map. As a result, the spatial variation of the 
residuals inside the grid is overlooked. The T-MHM per-
forms a trend-surface fitting on the spatial variation of the 

residuals inside the grid, which eliminates possible over-
correction and an insufficient correction.
The proportion of high-frequency multipath in the urban 
environment is larger than in the open environment due to 
the many obstructions. One of the most important advan-
tages of T-MHM is that it can correct the high-frequency 
structure inside the grid, thus making it suitable for use in 
high-density urban environments

A small positioning error persists during the convergence 
process even after T-MHM corrects the multipath error. Such 
a phenomenon could be attributable because the anti-jamming 

Fig. 12  Comparison of positioning errors with different grid sizes for 
MHM (top) and T-MHM (bottom). On the top of each panel, the n × 
m indicates the size of the grid with n being the azimuth interval m . 
the elevation angle interval
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ability of pseudorange is much weaker than that of the carrier 
phase, which leads to a stronger spatial variability of pseudor-
ange multipath error inside grid points. Therefore, T-MHM 
has some limitations in pseudorange multipath error correction 
and requires further analysis.

At present, the research on T-MHM is limited to GPS sys-
tems. In urban environment, multi-GNSS can provide more 
visible satellites and uniform spatial coverage. Unlike GPS 
only, the cycle repeatability of each GNSS system differs. 
Therefore, we discuss the actual modeling conditions accord-
ing to the repetition characteristics of different systems and 
constellations in future work. Also, the high-frequency mul-
tipath is very apparent in ships and aircraft platforms. Thus, 
the correction benefits of T-MHM in such dynamic environ-
ments are also subject of further investigation.
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